Abstract. We consider holomorphic functions and complex harmonic functions on some balls, including the complex Euclidean ball, the Lie ball and the dual Lie ball. After reviewing some results on Bergman kernels and harmonic Bergman kernels for these balls, we consider harmonic continuation of complex harmonic functions on these balls by using harmonic Bergman kernels. We also study Szegő kernels and harmonic Szegő kernels for these balls.
Introduction. In the complex Euclidean space C n+1 we consider the function (1) N p (z) = ( z 2 + z 4 − |z 2 | 2 ) p/2 + ( z 2 − z 4 − |z 2 | 2 ) p/2 2 1/p , where z 2 = z 1 z 1 + · · · + z n+1 z n+1 and z 2 = z 2 1 + · · · + z 2 n+1 for z = (z 1 , . . . , z n+1 ) ∈ C n+1 . In [10] , we showed that N p (z) is a norm on C n+1 if p ≥ 1. Note that N 2 (z) = z is the complex Euclidean norm. By using these norms we define N p -balls (see Section 1) . Locally any holomorphic function can be expanded into a double series by means of homogeneous harmonic polynomials. In [6] , we characterized holomorphic functions on the N p -balls by the growth behavior of homogeneous harmonic polynomials. Then we studied Bergman kernels for the N p -balls in [2] , [4] and [5] . In general, explicit forms of Bergman kernels are known only for some special domains. For the N p -balls, explicit forms are known only for the N 1 -ball (the dual Lie ball ), the N 2 -ball (the Euclidean ball ) and the N ∞ -ball (the Lie ball ). However in [2] we were able to express the Bergman kernel for any N p -ball by a double series expansion (see Section 3).
J. Siciak [13] showed that harmonic functions on the real ball can be continued analytically to the Lie ball. On the other hand, they are in one-to-one correspondence with hyperfunctions on the sphere under the boundary value operator. Therefore we are interested in complex harmonic functions, and we have considered the harmonic Bergman kernel which is the reproducing kernel of the Hilbert space of complex harmonic functions on the N p -balls in [3] and [5] (see Section 3) .
In this paper, we will prove that harmonic functions on the N p -ball with radius r can be continued harmonically to the Lie ball with radius 2 1/p r by using the harmonic Bergman kernel (Theorem 3.4).
So far we have not considered the Szegő kernels and harmonic Szegő kernels for the N p -balls but it is easy to see that results similar to those on the Bergman kernels and harmonic Bergman kernels hold for the Szegő kernels and harmonic Szegő kernels, respectively. In Section 4, we will represent the Szegő kernels and the harmonic Szegő kernels by double series expansions (Theorems 4.1 and 4.2) although explicit forms of the Szegő kernels are known only for the Euclidean ball and the dual Lie ball.
In Section 5, we treat the two-dimensional case. The N p -norm is then equivalent to the L p -norm, and J.-D. Park [12] obtained the Bergman kernels and the Szegő kernels in explicit form for p = 4, 4/3. By employing his results and an idea of Bell [1] , we are able to get the harmonic Bergman kernels and the harmonic Szegő kernels in explicit form for p = 4, 4/3 in addition to p = 1, 2, ∞.
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1. N p -ball. First we review the N p -norms defined by (1) (see [10] for the details). For later convenience, we put
where z · w = z 1 w 1 + · · · + z n+1 w n+1 . Then the N p -norm is represented by
is an increasing function of p:
and lim p→∞ N p (z) = L(z), where
is the Lie norm. By using the notation (2), we have
and set
By the definition, B p (r) is an open convex and balanced subset of C n+1 . In particular, B p (r) is a domain of holomorphy in
2. Complex harmonic functions. We denote by O( B p (r)) the space of holomorphic functions on B p (r) equipped with the topology of uniform convergence on compact sets, and by O( B p [r]) the space of germs of holomorphic functions on the closed N p -ball
equipped with the inductive limit locally convex topology. If f satisfies the differential equation
For harmonic functions on the Lie ball, the Poisson integral representation is well-known. We denote by
the Poisson kernel. Then we have the following Poisson integral formula:
where the right-hand side does not depend on ̺, and dS r is the normalized Lebesgue measure on the real sphere S r = {x ∈ R n+1 ; x = r}.
The Poisson formula gives the inverse mapping of the isomorphism in the following theorem: Theorem 2.2 (J. Siciak, [13] ). The restriction mapping gives a linear topological isomorphism
where A ∆ (B(r)) is the space of harmonic functions on the real ball B(r) = {x ∈ R n+1 ; x < r}.
This means that all harmonic functions on the real ball B(r) can be continued harmonically to the Lie ball B(r).
The Poisson kernel K r (z, w) can be represented by means of homogeneous harmonic extended Legendre polynomials.
2.1.
Homogeneous harmonic extended Legendre polynomials. Let P k,n (t) be the Legendre polynomial of degree k and of dimension n + 1. Note that P k,1 (t) is the Chebyshev polynomial and
We define the homogeneous harmonic extended Legendre polynomial of degree k and of dimension n + 1 by
of the space of homogeneous harmonic polynomials of degree k in C n+1 is known to be
For z, w ∈ C n+1 with L(z)L(w) < r 2 , the Poisson kernel can be represented by an infinite sum of P k,n (z, w) as follows:
Reproducing kernels on balls 223 3. Bergman kernels and harmonic Bergman kernels 3.1. Bergman kernels in explicit form. Put
where dV B p (r) is the normalized Lebesgue measure on B p (r), and denote by B p,r (z, w) the Bergman kernel of HO( B p (r)); that is, for f ∈ HO( B p (r)), we have
In the following, we write B r (z, w) for B ∞,r (z, w). For the Euclidean ball B 2 (r), the Bergman kernel is well-known:
For the Lie ball B(r), L. K. Hua [7] obtained the explicit form
For the dual Lie ball B 1 (r), K. Oeljeklaus, P. Pflug and E. H. Youssfi [11] obtained the explicit form (note that they call the dual Lie ball the minimal ball)
where
3.2. Double series expansions of Bergman kernels. For the Euclidean ball and the Lie ball, the Bergman kernels are expanded into double series 224 K. Fujita as follows:
Then for any p ≥ 1, we have the following theorem:
3.3. Harmonic Bergman kernels. Similarly, for harmonic functions on the N p -ball, we define
and denote by B ∆ p,r (z, w) the harmonic Bergman kernel of HO ∆ ( B p (r)); that is, for f ∈ HO ∆ ( B p (r)), we have For example, for p = 1, 2, ∞, we can see that z = w 0 is a singular point of B p,r (z, w 0 ) from the explicit forms given in Section 3.1.
On the other hand, we have the following theorem (proved in [5] for the 2-dimensional case):
by Theorem 2.2 in [6] (see Appendix), where · C(S 1 ) denotes the supremum norm on S 1 . For z ∈ ∂ B p [r], since P k,n (z, w) = P k,n (w, z), as a function of w,
by (4) and Theorem 5.2 in [9] (see Appendix). Thus
More precisely, the mapping f → F in (3) gives the inverse mapping of the following isomorphisms:
Theorem 3.5. The restriction mapping α gives the following linear topological isomorphisms:
Proof. If f ∈ O ∆ ( B p (r)), take ̺ < 1 sufficiently close to 1 and consider the mapping
It is easy to see that the right-hand side does not depend on ̺ for 0 < ̺ < 1.
Since we can take ̺ arbitrarily close to 1 and α • β = β • α = id is clear, we have the first isomorphism in (5) .
, then take ̺ > 1 sufficiently close to 1. Then we have the second isomorphism in (5) by the same argument. 
We denote by S p,r (z, w) the Szegő kernel on HO(∂ B p (r)) and by S ∆ p,r (z, w) the harmonic Szegő kernel on
. That is, for f ∈ HO(∂ B p (r)) we have
and for f ∈ HO ∆ (∂ B p (r)) we have
For the complex Euclidean ball, the Szegő kernel is known:
For the dual Lie ball, E. H. Youssfi obtained the explicit form in [14] :
where X = 1 − z · w/(2r 2 ) and Y = z 2 w 2 /(4r 4 ). In the case of the Lie ball, the Shilov boundary Σ r of B(r) is known to be
which is called the Lie sphere. Thus for the Lie ball, the following kernel has been considered instead of the Szegő kernel: If f ∈ O( B[r]), then we have
where dΣ r is the normalized Lebesgue measure on the Lie sphere and
is the Cauchy-Hua kernel (see Theorem 5.2 in [8] ). Its double series expansion is as follows:
We can also represent the Poisson formula (Formula 2.1) by an integration taken over the Shilov boundary using the Poisson kernel K r (z, w) as
Following [2] , we can prove Theorems 4.1 and 4.2 below as in the case of the Bergman kernel. We will omit the proofs. 
Thus for p with 1 ≤ p < ∞, the N p -norm is equivalent to the L p -norm and the Lie norm is equivalent to the supremum norm in C 2 . J.-D. Park [12] sum-med up the infinite sums in explicit form for p = 4, 4/3 besides p = 1, 2, ∞. His results are as follows. Put
Take a branch of L(z, w) 1/3 and M (z, w) 1/3 , and put ω = e 2πi/3 ,
Then applying Theorem 1 of Bell [1] , we have
5.2.
Harmonic Bergman kernels in C 2 . For the 2-dimensional N p -balls we gave the harmonic Bergman kernels in explicit form for p = 1, 2, ∞ in [3] . Put P (s, t) = 1 + 2s − 24t + 60st + 4t
Note that the denominators of the kernels are consistent with Theorem 3.4. By the work of J.-D. Park [12] , we have
2 ) 2 − 1. Next, consider the infinite sum
Then employing an idea considered in Theorem 1 of Bell [1] for Bergman kernels, we can sum up G 4/3 (X) in explicit form as follows: for ω = e 2πi/3 ,
Thus we have
5.3. Szegő kernels and harmonic Szegő kernels in C 2 . For the 2-dimensional case, the coefficients α Theorem 5.1. In C 2 , the Szegő kernel S p,r (z, w) is given as follows:
By this theorem, (7) and (6), we have
By [12] , for p = 4/3, 4 we have
Furthermore, for the two-dimensional Lie ball we have the following explicit form:
(r 4 − 2r 2 z · w + z 2 w 2 )((z · w) 2 − z 2 w 2 ) − 2r 4 z · w ((z · w) 2 − z 2 w 2 ) 3/2 log r 2 − z · w − ((z · w) 2 − z 2 w 2 ) 1/2 r 2 − z · w + ((z · w) 2 − z 2 w 2 ) 1/2 .
Recall that the Cauchy-Hua kernel related to the Shilov boundary of the Lie ball (Lie sphere) mentioned in Section 4 is simpler:
H r (z, w) = r 4 r 4 − 2r 2 z · w + z 2 w 2 . (1 − x 2 ) 2 + 3(π + 2 arcsin x 2 ) 2x(1 − x 2 ) 5/2 ; and
